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Abstract—Corresponding to the concepts of Wiener index
and distance of the vertex, in this paper, we present the concepts
of Wiener odd (even) index of G as sum of the distances
between all pairs of vertices of G satisfying the distances
are all odd (even) and denote them W,.:(G) and Woaq(G)
respectively. Based on the concepts of the two indices, we prove
theoretically that Wiener odd index is not more than its even
index for general BC-Trees. Closed formulae of the two indices
are also provided for path BC-tree, star, k-extending star tree
and caterpillar BC-tree. Meanwhile, the extreme values of
Woaa(T) of n vertices BC-trees are characterized as well.

Keywords-Wiener odd (even) index; odd (even) distance of
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I. INTRODUCTION

All graphs G = (V(G), E(Q)) in this paper will be a
finite, undirected and connected, V' (G) and E(G) denote the
vertex set and the edge set of G, respectively. Let dg(u,v)
(or simply d(u,v) when no confusion arises) denote the
distance between the vertices u and v in G. For a vertex v of
G, define the distance of the vertex as the sum of distances
from v to all other vertices.

gG(U) = Z dG(’U,U),
ueV(QG)

define the odd(even) distance of the vertex v as the sum of
distances from v to all other vertices of G satisfying the
distances are all odd(even). i.e.

Yodd, (V) = Z

uweV(G)Adg (v,u)=1(mod 2)

dG(U7’U’)a

and
geven,G(U) = Z dG (Ua u)
uw€V(G)Adg(v,u)=0(mod 2)
Let W(G) =1 > ga(v) denote the Wiener index of

veV(G)
G, which is the sum of distances for all unordered pairs of
vertices. Let Woaa(G) = &+ Y Godd,c(v)(Weven(G) =
veV(G)
>~ geven,c(v)) denote the Wiener odd(even) index of
veV(G)
G, which is the sum of distances between all unordered

1
2

pairs of vertices satisfying the distances are all odd(even).
Obviously, we have gG(v) = Godd,G(v) + Geven,c(v),
W(G) = Wodd(G) + Weven(G)

A tree T = (V, E) is a connected, acyclic graph. A vertex
of degree one will be called a pendent vertex or leaf of
T. A tree on n vertices has at least 2 and at most n — 1
pendent vertices. The (unique) n-vertex trees with 2 and n—
1 pendent vertices are called the path and star, respectively,
and are denoted by P, and K ,,—1, respectively.

A tree is called a BC-tree (the block-cutpoint-tree or the
bicolorable tree) if the distance between any two leaves
is even see Harary and Plummer [1], [2]. BC-tree have
many special properties and applications in graph theory,
chemistry, computer and brain science, see [3], [4], [5], [6],
[7].

Define k-extending star tree the tree constructed by adding
n — 1 paths with length & — 1 to each of the n — 1 pendant
vertices of the star K ,_; denoted by K fn_l , the center
vertex is denoted as ¢, for any vertex u € V(K fn_l), Let
the distance dgr (u, ¢) between u and c the height of w.
By this deﬁnitioﬁ, Kf,h1 is the star Ky ,_; when k = 1.

A caterpillar tree is a tree, which has a path, such that
every vertex not on the path is adjacent to some vertex on
the path. A caterpillar BC-tree is both a caterpillar tree and
a BC-tree. P, is also a BC-tree, when n is odd. For standard
notations in graph theory, [8], [9] may be consulted.

The rest of the paper is organized as follows. Section
IT describes related works on Wiener index and BC-trees.
In Section III, we study the relationship between Wiener
odd index W,44(G) and Wiener even index W,q4(G) of
general BC-tree, path BC-tree, star, k-extending star tree,
caterpillar BC-tree, and we also give out the maximum and
minimum value of W,44(T") and the extremal trees attaining
these values as well. Finally the conclusions and some open
problems are presented in Section IV.

II. RELATED WORKS
The Wiener index was first developed by Wiener [10] in
1947. And the graphical invariant W (G) has been studied in
[11], [12], [13], [14] under different names such as distance,
transmission, total status and sum of all distances. This



concept has been one of the most widely used descriptors
in quantitative structure activity relationships, as the Wiener
index has been shown to have a strong correlation with
the chemical properties of a chemical compound [15]. The
Wiener index and the average distance rank among those
graph-theoretical parameters that are of most interest in other
fields. Dobrynin [11] provided a very comprehensive survey
about Wiener index.

Chemical structures of organic compounds are character-
ized numerically by a variety of structural descriptors, one of
the earliest and most widely used being the Wiener index W,
derived from the interatomic distances in a molecular graph.
Extensive use of such structural descriptors or topological
indices has been made in drug design, screening of chemical
databases, and similarity and diversity assessment. A new set
of topological indices is introduced representing a partition-
ing of the Wiener index based on counts of even and odd
molecular graph distances by Ivanciuc [16]. These new in-
dices are further generalized by weighting exponents which
can be optimized during the quantitative structure-activity/-
property relationship (QSAR/QSPR) modeling process. In
[16], Ivanciuc also tested these novel topological indices
in QSPR models for the boiling temperature, molar heat
capacity, standard Gibbs energy of formation, vaporization
enthalpy, refractive index, and density of alkanes, and Ivan-
ciuc [16] conluded that in many cases, the even/odd distance
indices proposed here give notably improved correlations.

Namely, like the Wiener index, the Wiener odd and even
index of graph may also be meaningful topological index,
which can be used in mathematics, chemistry, bioinformatics
and brain science. Hence, the study of Wiener odd and even
index of graph is of great significance.

III. WIENER ODD (EVEN) INDEX ON BC-TREES
A. Wiener odd (even) index on general BC-trees

Since the conception of the block-cutpoint-tree (i.e. BC-
tree) was proposed, it has been drawing researchers’ atten-
tion and concern worldwide, not only in the field of mathe-
matics and computer science, but also in chemistry and brain
science. See Barefoot [5], Mkrtchyan [17], Misiotek and
Chen [18], Paton [19], Gagarin and Labelle [20], Nakayama
and Fujiwara [21], Yang and Wang [22]

It is well known that the Wiener index among trees on n
vertices is minimized by the star K ,_; and is maximized
by the n-vertex path P, see Entringer et al. [23], or Lovasz
[24].

Since BC-tree is a tree with special nature, next, we will
examine the the Wiener odd (even) index on BC-tree.

Lemma 1: [23] The Wiener index of n-vertex path P, is
(n—1)2, more than any other tree on n vertices. The Wiener
index of star Ky, is (n® — n)/6, fewer than any other
tree on n vertices.

Theorem 3.1: Let T be a BC-tree on n vertices, then
Wodd(T) < Weven (T)

Proof: For any BC-tree T', we can always find a vertex
v, such that each two trees after splitting at v are also BC-
trees, and one of them is a star. For illustration see Fig. 1.
Let 7" be a star on p + 2(p > 1) vertices, for brevity, set

S1 = {wlw € V(T")\v A dr(w,v) = 0(mod 2)},
Sy = {w|w € V(T") A dp(w,v) = 1(mod 2)},
Ry = {wlw € V(T")\v A dr(w,v) = 0(mod 2)},
Ry = {w|w € V(T") Adrr(w,v) = 1(mod 2)},

Ny =|S1], N2 =|[Saf, My=|[Ri|, M= |[Ry,

Geven (V) = Y drr(w,v), Jodar (V) = Y drr(w,v)

wES wES2
gevemT”('U) - Z dT” (U), U)? Yodd, T" (U) = Z dT” (’U), U)
weR; wER>

’ u u

'/?\ t

{ , i i , 1 Splitting T atv i
GO G A LN

BCtree T BCtree T’ BC tree 7"

Figure 1. Split of BC-tree T

Since T” is a BC-tree, By the definition of BC-tree, it is
not difficult to obtain

Nl 2 N2agodd,T’ (’U) S Geven, T’ (’U) (1)

It is clear that the theorem holds for n = 3,4,5, suppose
the theorem holds for BC-trees of orders < n, then, we
categorise the unordered pairs of vertices of 7' satisfying
the distances are all odd as follow:

({(p,@)lp € V(T"),q € V(T") Adrn(p,q) = 1(mod 2)};
AP, a)lp € V(T"),q € V(T') Adri (p,q) = 1(mod 2)};
(3){(p,q)lp € R1,q € Sa};

(O){(p.q@)lp € Ra,q € S1}.

Similarly, the unordered pairs of vertices of T satisfying
the distances are all even are as follow:

1"

G{(p.a)lp € V(T"),q € V(T") Adyp (p,q) = 0(mod 2)};
6){(p,q)lp € V(T'),q € V(T') Ady (p,q) = 0(mod 2)};
(M {(p,q)lp € R1,q € S1};

(8){(p,q)lp € R2,q € Sa}

With the above notations, it is easy to know that M; =
p,Ms = 1. By analyzing, the sum of the distances of
the unordered pairs of vertices of cases (3)+(4) and cases
(N+8) 18 p X Goqq. 1 (V) + 2PN2 + gopep 7 (v) + N1 and
P X Gopen 1 (V) + 2DN1 + gogq77 (v) + No respectively.



Obviously, cases (1) and (2) are Woqq(T") and Woaa(T");
cases (5) and (6) are Wepen (T7) and Weye, (T"). Therefore,

Wodd(T) - Weven(T) =
Wodd(T/) - We'uen (T/) + Wodd (TH) - Weven (TH)

+ (p - 1)<godd,Tl (U) ~ Jeven, T’ (U)) + (2p - 1>(N2 - Nl)
2

By induction, Woqa(T") < Wepen(T'), Woaa(T") <
Wepen(T"), since p > 1, combining (1), we obtain
Woid(T) < Weyen(T). The theorem thus holds. [ ]

Theorem 3.2: The Wiener odd index of star K ,_; is
n — 1, fewer than any other BC-trees on n vertices and the
maximum value of Wiener odd index is (n® —n)/12.

Proof: Let T be an arbitrary n vertices BC-tree, It’s
easy to see that Wy4q(T) > n — 1, and it is not hard to
observe that Wy4q(Ky ,—1) = n — 1, therefore, star K7 ,,_1
minimizes the Wiener odd index. Next, we prove any other
BC-tree on n vertices can not attain this value.

Suppose [ is a leaf of T, v is the neighbor vertex of [,
if the distances between all other vertices and v is 2, then
they are neighbors of v, otherwise, there will exist a vertex
w, such that dr(l,w) = 3, then Wy44(T) > n — 1. Hence
T is star.

By Theorem 3.1 and Lemma 1, we have

Woaa(T) < W(T)/2 = (n® —n)/12.

By simple calculation, we have Wogq(Pr—1) =
Weven(Pno1) = (n® — n)/12 for n is odd, but it
isn’t the unique BC-tree that can attain this maximum
value. [ |

Székely and Wang [25] studied the problem of enumerat-
ing subtrees of trees. They proved the following results:

Lemma 2: (Székely and Wang [25]) The path P, has
("‘2”'1) subtrees, fewer than any other trees of n vertices.
The star K ,,—; has 2n—1 4 n — 1 subtrees, more than any
other trees of n vertices.

In [22], we studied the BC-subtrees of K ,_1 and P,.
And we have the following theorems.

Lemma 3: [22]The star K;,_; has "=l — n BC-
subtrees, more than any other trees of n vertices.

Lemma 4: [22]The number of BC-subtrees of path P, is

_ Jn(n=2)/4 n=0(mod 2),
et = {(n — /4 n=1Lmod 2).

fewer than any other n-vertices tree.

We know that star K5 ,,_q is a BC-tree, and P, is also a
BC-tree when n is odd. By Theorem 3.2, Lemma 3, Lemma
4 we have K ,_; minimizes the Wiener odd index and
maximizes the BC-subtrees among BC-trees on n vertices;
P,, maximizes the Wiener odd index and minimizes the BC-
subtrees among BC-trees on n(n is odd) vertices.

We see here an amazing and not yet understood rela-
tionship between the Wiener odd index and the number of

BC-subtrees which is “within certain classes of BC-trees of
a fixed parameter, the smaller the number of BC-subtrees
is, the bigger the Wiener odd index is”. Unfortunately this
relationship does not extend as expected. See Fig. 2. Ty and
T(; are BC-trees on 12 vertices. Simple calculations show
that Wodd(TO) = 69, Wodd(Té) = 73, T]Bc(To) = 183,
nec(Ty) = 252(where npc(Th) denotes the BC-subtrees
number of T), we have Wyuqa(To) < Woaa(T}), though
nec(To) < npc(1p).

NS
AN

BC-tree T, BC-tree T,

Figure 2. The counter-example caterpillar tree T’

B. Wiener odd (even) index on k-extending star trees

Since k-extending star tree with 2 branches is a path
BC-tree, by Theorem 3.2, its Wiener even index equals its
Wiener odd index. Thus, we only consider n > 4.

Theorem 3.3: Let K fn_ 1 be a k-extending star tree with
n — 1(n > 4) branches, then, Wm,en(Kf’n_l) equals
Wodd(K{f,n—l) (resp. Wodd(Kfn_l) +k+D(n—-1)(n-
3)/2) for n is even(resp. odd).

Proof: We discuss it for k is even and odd respectively.

(1) For k is even, using the splitting method and denota-
tions as in Theorem 3.1, and for the sake of convenience,
for branch b; (i = 1,2,...,n—1), label the vertices of b; as
this: bl = V;0V;1042 . . . Vik—2Vik—1Vik where Vi0 is the center
vertex ¢ and v,y is the leaf vertex, then we split K ﬁn_l at
vertex vik—; (j = 2,4,6,...,k — 2, k) sequentially each
time, 77 and T" are as in Fig. 3(a) after the first splitting.

Simple calculations show that Wogq(T") = Weyen(T"),
P = 1, and Ny = Ns, hence, by (2), Wyui(T) —
Weven(T) = Woqa(T') — Weyen (T"). Continue the splitting
process until the whole branch b; is deleted, denote the tree
at this time as 7y, then

Wodd(T) - Weven (T) = Wodd(TO) - Weven (TO)

continue deleting this way until 7" becomes a k-extending
star tree with 2 branches, we denote it as Tj), then we have

Wodd(T) - Weven(T) - Wodd(Té) - Weven (Té)

Since Woqq(Th) = Wewen(T3), therefore, Wogq(T) =
Weven (T)

(2) For k is odd, as the discussion for n is even, similarly,
after the first splitting, we have Wyq(T) — Wepen(T) =
Woid(T') — Wepen(T') — (n — 3) by (2). Proceeding the
splitting until 7" is splitted to a tree with only one leaf in
height 1 and the other n — 2 leaves are in height k, see Fig.
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(a) The splitting illustration of K {C,n—l (k is
even)

-

/ BC-tree T,

(b) The splitting illustration of K f,n _, (ks
odd)

Figure 3. The splitting illustration of K fnq

3(b), and we denote at this time as 77, then we have
Wodd(T) - Weven(T) = Wodd(Tl) - Weven(Tl)
—(k=1)(n-23)/2.

Next, choose another branch, go on splitting, until 7" is
split to a star K ,_1, then we have

Wodd<T) - Weven(T) - Wodd(KI,nfl) - Weven(Kl,nfl)
—(n—=1)(k—-1)(n-3)/2.
By Lemma 1 and Theorem 3.2, we have Wy4q(K7 —1) —
Weven (K1 n—1) = —(n — 1)(n — 3). Therefore
We’uen(T) = Wodd(T) + (k + 1)(” - 1)(” - 3)/2
The theorem holds. [ |

C. Wiener odd (even) index on caterpillar BC-trees

Caterpillars were first studied in a series of papers by
Harary and Schwenk [26], [27]. And they have many charac-
terizations and generalizations such as a chordal graph with
exactly n—k maximal cliques, each containing k+1 vertices

which we call k-tree and lobster graph. Caterpillar trees have
been used in chemical graph theory to represent the structure
of benzenoid hydrocarbon molecules and received more and
more attention by the researchers.

Combining the special property of BC-trees, next, we
examine the caterpillar BC-tree.

Consider the caterpillar tree 7" with diameter [ (I >= 2)(
is even by definition)in Fig. 4, x and y are leaves on the
diameter. After the deletion of all the edges of Pr(z,y)
from T, some connected components will remain. Let T;
denote the star on n; + 1 vertices with center vertex v;, for

i=1,2,...,1/2 (1> 2).
n,
n n e T2y 2
X \ W v, W, 1) wy Waani Voo Wean Vi
T T, T; Ty T

Figure 4. The caterpillar BC-tree T with diameter .

Theorem 3.4: Let T be the caterpillar BC-tree described
above. Then, Weyen (T) > Woaa(T) and

Weven(T) =
/2 (1-2)/2 1/2
Woaa(T an n; +2) — Z (2n; + 1) Z n;
=1 Jj=i+1
(1-2)/2 /2

- Z ni(2 Y (G —i)(n; +1) — (I - 2i)%/4).

J=i+1

Proof: We split the T" as described in Theorem 3.1 at
vertex w; (i = 1,2,...,(l — 2)/2) sequentially, then two
parts obtained each time were denoted as 7" and T, where
T/ is a star on n; + 3 vertices and 7} is a caterplllar BC-
tree, and it is easy to observe that T} = K ,,42(i =
1,2,...,(1-2)/2),T!(i=1,2,...,(1—2)/2) is a caterpillar
BC-tree. After splitting (I — 2)/2 times, the caterpillar BC-
tree 1" was splitted up.

For the sake of brevity, we give some denotations.

i1 = {wlw e V(T, \wi A dp (w w;) = 0(mod 2)},
i2 = {wlw e V(T, YA dr (w w;) = 1(mod 2)},
Niq = |Siql, gwen,;pi’ Z dT; (w, w;),
wES; 1 ’
Ni2 = |S’i,2|7 oddT Z d (w, w;).
wES; 2

(1*2))_

Meanwhile, we define p; =n; +1(i = 1,2,..., 5



After splitting 7" at wy, Simple calculations show that

1/2
N171 :Zn]—FZ/Z— 1,N172 :l/Q—l,
=2
/2
Yeven, T} (wl) = 2Z(j - 1)(TLJ + 1),
j=2

Goaazr () = (124, pr=mn +1,
WOdd(Tl//) - Weven(T{/) = —nl(nl + 2)

By (2), we have
WOdd(T) - Weve” (T) = WOdd(Tll) - Weven (Tll)

1/2
— (e +2) (0 =2)2/4-2 (7~ iy +1)
/2 "~

Proceeding this way, after splitting (I —2)/2 times, we have

Wodd(T) - Weven(T) - Wodd(Kl,nl/Q—&-Q) - Weven(Kl,nl/z—‘rQ) + l/2 +

(1-2)/2
+ Z (Wodd(TiIl) - Weven(TiN))
=1
(1-2)/2
+ Z (Pi — 1)(goda, 1 (Wi) — Geven, T (W5))
=1
(1-2)/2
+ Z (2}?2 — 1)(Nl’2 — Ni,1)~
=1

ie.

Wodd(T) - Weven (T) = Wodd(Kl,nl/2+2)

(1-2)/2
- Weven(Kl,nl/2+2) - Z nl(”? + 2)
i=1
(1-2)/2 1/2
+ Y n 202423 (G- i) +1)
i=1 j=it+1
(1-2)/2 1/2
+ (2n; +1) Z nj.
=1 j=i+1

Since Wodd(Kl,nl/2+2) Weven(Kl,nl/2+2) =
—ny/2(ny/2 + 2), the theorem thus holds. [ ]

Let T,,, Ty be caterpillar BC-trees with the structure
as depicted in Fig. 4 with nj(i = 1,2,...,1), w} (i =
1,2,...,5 = 1) and nf (i = 1,2,....%), v/ (i =
1,2,...,5 — 1) respectively.

Theorem 3.5: Let T, Ty be described above satisfing the
following condition: nj +n, ., . = ni +n7 . (i =
1,2,..., | +]), then, Woaa(T}) = Woqa(Ty).

Proof: We split T, and T, at vertex w, (i =

L2, 5 —1),w/ (i=1,2,...,% —1) sequentially, then,
after some algebraic operations, When [ = 4k,

Wodd(Tga) -

SUR R Al Al -8 ,

> 1 (nf—2+4n, ;—2)+1/2
j=1

Wodaa(Ty) =

SR8 Al —Alj—8), .,

> 0 (nf =240, —2)+1/2
j=1

When [ = 4k + 2,

Woaa(T,) =
(1—2)/4 12+8j2+4lf4lj*8j / /
4 (g —2+mny,, ;-2)
j=1
P+4—4

T(n(l+2)/4 -2)

Wodd (T¢> =

O 12 4 852 4 41— 415 — 8

4

24+4]—4
e e~ 2)

1 1
=1

+1/2+

In either case, we know that if nj + ', = ni +
2

n’%’H_i (i=1,2,...,|L]), then, W,oaa(T};) = Woaa(Ty).
]

IV. CONCLUSIONS AND FURTHER WORKS

In this paper, we presented the concepts of odd (even)
distance of the vertex v as the sum of distances from v
to all other vertices of GG satisfying the distances are all
odd (even). We illustrated Wiener odd (even) index of G as
the sum of the distances between all pairs of vertices of G
satisfying the distances are all odd (even), which are denoted
as Wo4i(G) (Wepen(G)) respectively. And we proved that
the Wiener odd index is not more than its even index for
general BC-Trees. For k-extending star trees and caterpillar
BC-trees, we gave out the equalities of their Wiener even
index and odd index. We also gave out the maximum value
(n® —n)/12 and minimum value n — 1 of W44(T) on n
vertices BC-trees and the extremal BC-trees attaining these
values as well.

As the widely researched Wiener index, we can also
do some researches on odd (even) distance of vertex and



Wiener odd (even) index on special trees and general trees
correspondingly and comprehensively; Obviously, Wiener
odd and even index can also be regarded as topological
index. Hence another interesting direction is to explore the
role of these index in graph theory, chemistry and brain
networks.

ACKNOWLEDGMENT

The authors would like to thank Dr. Hua Wang for his
scientific collaboration in this research work. This work is
supported partly by the National Natural Science Founda-
tion of China (Grant No. 61173035) and the Program for
New Century Excellent Talents in University (Grant No.
NCET-11-0861). Ajith Abraham acknowledges the support
of the IT4Innovations Centre of Excellence project, reg. no.
CZ.1.05/1.1.00/02.0070 funded by Structural Funds of the
European Union and state budget of the Czech Republic.

REFERENCES

[1] F. Harary and G. Prins, “The block-cutpoint-tree of a graph,”
Publicationes Mathematicae - Debrecen, vol. 13, pp. 103—
107, 1966.

[2] F. Harary and M. Plummer, “On the core of a graph,”
Proceedings London Mathematical Society, vol. 17, pp. 249—
257, 1967.

[3] R. Johannesson and K. Zigangirov, “On the distribution of
the number of computations in any finite number of subtrees
for the stack algorithm (corresp.),” IEEE Transactions on
Information Theory, vol. 31, no. 1, pp. 100-102, 1985.

[4] J. Barnard, “A comparison of different approaches to markush
structure handling,” Journal of Chemical Information and
Computer Sciences, vol. 31, no. 1, pp. 64-68, 1991.

[5] C. Barefoot, “Block-cutvertex trees and block-cutvertex par-
titions,” Discrete Mathematics, vol. 256, no. 1, pp. 35-54,
2002.

[6] A. Symeonidis and I. Tollis, “Visualization of biological
information with circular drawings,” Biological and Medical
Data Analysis, Lecture Notes in Computer Science, vol. 3337,
pp. 468-478, 2004.

[7] F. De Vico Fallani, L. Astolfi, F. Cincotti, D. Mattia, A. Tocci,
S. Salinari, M. Marciani, H. Witte, A. Colosimo, and F. Ba-
biloni, “Brain network analysis from high-resolution eeg
recordings by the application of theoretical graph indexes,”
IEEE Transactions on Neural Systems and Rehabilitation
Engineering, vol. 16, no. 5, pp. 442-452, 2008.

[8] J. A. Bondy, Graph Theory with Applications. The Macmil-

lan Press Ltd, 1979.

[9] F. Harary, Graph Theory. Addison-Wesley, Reading, MA,
1969.

[10] H. Wiener, “Structural determination of paraffin boiling

points,” Journal of the American Chemical Society, vol. 69,

no. 1, pp. 17-20, 1947.

(1]

[12]

[13]

[14]

[15]

[16]

[17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

[26]

(27]

A. Dobrynin, R. Entringer, and I. Gutman, “Wiener index of
trees: theory and applications,” Acta Applicandae Mathemat-
icae, vol. 66, no. 3, pp. 211-249, 2001.

M. Fischermann, A. Hoffmann, D. Rautenbach, L. Székely,
and L. Volkmann, “Wiener index versus maximum degree
in trees,” Discrete Applied Mathematics, vol. 122, no. 1, pp.
127-137, 2002.

F. Jelen and E. Triesch, “Superdominance order and distance
of trees with bounded maximum degree,” Discrete Applied
Mathematics, vol. 125, no. 2, pp. 225-233, 2003.

S. Klavzar and I. Gutman, “Wiener number of vertex-
weighted graphs and a chemical application,” Discrete Ap-
plied Mathematics, vol. 80, no. 1, pp. 73-81, 1997.

I. Gutman and T. Kortvelyesi, “Wiener indices and molecular
surfaces,” Zeitschrift fiir Naturforschung. A, A Journal of
physical sciences, vol. 50, no. 7, pp. 669-671, 1995.

O. Ivanciuc, T. Ivanciuc, D. Klein, W. Seitz, and A. Bal-
aban, “Wiener index extension by counting even/odd graph
distances,” Journal of Chemical Information and Computer
Sciences, vol. 41, no. 3, pp. 536-549, 2001.

V. Mkrtchyan, “On trees with a maximum proper partial
0-1 coloring containing a maximum matching,” Discrete
Mathematics, vol. 306, pp. 456-459, 2006.

E. Misiolek and D. Z. Chen, “Two flow network simplification
algorithms,” Information Processing Letters, vol. 97, pp. 197—
202, 2006.

K. Paton, “An algorithm for the blocks and cutnodes of a
graph,” Communications of The ACM, vol. 14, pp. 468—475,
1971.

A. Gagarin and G. Labelle, “Two-connected graphs with
prescribed three-connected components,” Advances in Applied
Mathematics, vol. 43, no. 1, pp. 46—74, 2009.

T. Nakayama and Y. Fujiwara, “BCT representation of chem-
ical structures,” Journal of Chemical Information and Com-
puter Sciences, vol. 20, no. 1, pp. 23-28, 1980.

Y. Yang, D. Wang, H. Wang, and H. Liu, “On BC-trees and
BC-subtrees,” arXiv preprint arXiv:1305.4711, 2013.

R. Entringer, D. Jackson, and D. Snyder, “Distance in graphs,”
Czechoslovak Mathematical Journal, vol. 26, no. 2, pp. 283—
296, 1976.

L. Lovasz, Combinatorial problems and exercises. American
Mathematical Society, 1993.

L. Székely and H. Wang, “On subtrees of trees,” Advances in
Applied Mathematics, vol. 34, no. 1, pp. 138-155, 2005.

F. Harary and A. Schwenk, “The number of caterpillars,”
Discrete Mathematics, vol. 6, no. 4, pp. 359-365, 1973.

S. El-Basil, “Applications of caterpillar trees in chemistry and
physics,” Journal of Mathematical Chemistry, vol. 1, no. 2,
pp. 153-174, 1987.



